Axisymmetric disks of high eccentricity, low mass bodies on near-Keplerian orbits are unstable to an out-of-plane buckling. This "inclination instability" exponentially grows the orbital inclinations, raises perihelia distances and clusters in argument of perihelion. Here we examine the instability in a massive primordial scattered disk including the orbit-averaged gravitational influence of the giant planets. We show that differential apsidal precession induced by the giant planets will suppress the inclination instability unless the primordial mass is 20 Earth masses. We also show that the instability should produce a "perihelion gap" at semi-major axes of hundreds of AU, as the orbits of the remnant population are more likely to have extremely large perihelion distances (O(100 AU)) than intermediate values.
INTRODUCTION
Structures formed by the collective gravity of numerous low-mass bodies are well-studied on many astrophysical scales, for example, stellar bar formation in galaxies (Sellwood & Wilkinson 1993) and apsidally-aligned disks of stars orbiting supermassive black holes (Kazandjian & Touma 2013; Madigan et al. 2018) . The driver of these dynamics are long-term (secular) gravitational torques between orbits.
The corresponding structures in planetary systems are relatively under-explored. This may be due to the presence of massive perturbers (planets) that are assumed to dominate the dynamics. While this is often the case on small scales close to the host star, there may be significant regions of phase space in which the influence of massive planets is small and the orbital period of bodies is short enough for collective gravitational torques to be important.
In Madigan & McCourt (2016) we presented the discovery of a gravo-dynamical instability driven by the collective gravity of low mass, high eccentricity bodies in a near-Keplerian disk. This "inclination instability" exponentially grows the orbital inclination of bodies while decreasing their orbital eccentricities and clustering their arguments of perihelion (ω).
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In Madigan et al. (2018) we explained the mechanism behind the instability: secular torques acting between the high eccentricity orbits. We also showed how the instability timescale scaled as a function of disk parameters. One important result is that the growth timescale is sensitive to the number of bodies used in N -body simulations. A low number of particles suppresses the instability due to two-body scattering and incomplete angular phase coverage of orbits in the disk.
We showed that the amount of mass needed for the collective gravity of extreme trans-Neptunian objects (eTNOs) to be the dominant dynamical driver in the outer Solar System (∼ 100 − 1000 AU) was about half an Earth mass. However, to observe significant clustering in ω within the age of the Solar System we required a mass closer to a few Earth masses. We note that this is very similar to the predicted mass of Planet 9 (Batygin & Brown 2016; Batygin et al. 2019) . It is perhaps no coincidence that the mass requirements are the same as dynamics are driven by gravitational torques in both (Batygin & Morbidelli 2017) , but a disk of individually low mass bodies with high perihelion and inclinations will be harder to observe than a single massive body at the same distance. In Fleisig et al. (2020) we moved from simulations of a single mass population to a mass spectrum. In this paper we add two more additional complexities to the system: a more realistic orbital configuration and the gravitational influences of the giant planets. Our goal is to determine the parameters un-der which the presence of giant planets completely suppresses the inclination instability in a orbital configuration modeled on a primordial scattered disk (Luu et al. 1997; Duncan & Levison 1997) . We note that this was first addressed by Fan & Batygin (2017) , who found that the inclination instability did not occur in their simulations of the Nice Model containing 30 Earth masses of self-gravitating planetesimals. These simulations, however, lacked a sufficient number of particles between 100 -1000 AU (N < 16) for the inclination instability to occur. We find that differential apsidal precession induced by the giant planets can suppress the inclination instability in the scattered disk. However, if the mass of the primordial scattered disk is large enough ( 20 Earth masses) then the instability will occur.
In section 2, we describe our N -body simulations including how we emulate the influence of the giant planets with a quadrupole (J 2 ) potential. In section 3, we discuss how the instability is changed by the J 2 potential and show results for a primordial scattered disk configuration. In section 4 we scale our results to the solar system, obtaining an estimate for the required primordial mass of the scattered disk for the inclination instability to have occurred within it. We also discuss the generation of a "perihelion gap" at hundreds of AU. Finally, in section 5 we summarize our results and discuss the implications of our work.
NUMERICAL METHODS

N -body Simulations
To study the collective gravitational effects of minor bodies in the outer Solar System we run simulations using REBOUND, an open-source N -body integration framework available in C with a Python wrapper. REBOUND offers a few different integration methods and gravity algorithms (Rein & Liu 2012) . For this work, we use the direct gravity algorithm (N 2 scaling) and the IAS15 adaptive time-step integrator. We also use the additional package REBOUNDx which provides a framework for adding additional physics (e.g. general relativity, radiation forces, user-defined forces) (Tamayo et al. 2019 ).
JSUN as J 2,Sun
The most straight-forward way to incorporate the giant planets would be to simulate them directly as Nbodies. However, this is much harder to do than it might seem. Out of computational necessity we simulate implausibly large (small) disk masses (number of particles) and scale our results to realistic values. If we wanted to simulate the correct mass ratio between giant planets and the disk, the mass ratio between the Sun and the giant planets would be too small, in which case the potential would no longer be near-Keplerian. If we were to simulate a more realistic disk mass, the simulations would take proportionally longer and we would need to use fewer particles. Scattering interactions between disk particles and the planets would naturally depopulate the disk, further reducing numerical resolution of the simulation. The instability cannot be captured at low particle numbers (Madigan et al. 2018) .
Our solution to this problem is to model the Sun and the giant planets with a multipole expansion. For this, we keep only the two largest terms in the series expansion, the monopole and quadrupole term (the dipole term is zero in the center of mass frame). The monopole term is the standard 1 /r Keplerian potential with the mass given by the total mass of the system. Because the Sun is much more massive than the sum of the masses of the planets we ignore the contributions of the planets to the monopole term. In spherical coordinates (r, θ, φ), the multipole expansion potential is,
where J 2 is a weighting factor for the quadrupole moment, R is the mean radius of the mass distribution, and P 2 (cos θ) is the n = 2 Legendre polynomial. The first term in the parentheses is the monopole term and the second is the quadrupole term. For the giant planets, the orbit-averaged quadrupole moment is given by,
where i iterates over the giant planets (Batygin & Brown 2016) . We further assume that the Sun's inherent J 2 moment is negligible compared to the contributions of the giant planets. Therefore, we emulate Jupiter, Saturn, Uranus, and Neptune (JSUN) as an artificially large J 2 moment on the Sun. Equation 1 is not a general multipole expansion; we have already implicitly assumed there is no longitudinal (φ) dependence in Φ. Thus, this expansion assumes the giant planet's orbits have no inclination or eccentricity and their mass is spread out along their orbit. Note that the R 2 term here cancels with the R 2 in the potential, thus, the particular value of R has no effect on the value of the quadrupole potential. Formally, a multipole expansion only converges to the actual potential for r > d where d is the size of the system. Thus, the rigorous method would be to set R = a N , the semi-major axis of Neptune, and remove any particles that went inside R.
Due to the artificially strong self-stirring in our low-N , large-mass disks, most bodies in our simulations violate this requirement during integration, and, if we removed them, we would end up with a depopulated disk that is numerically unable to undergo the instability. Therefore, we ignore this convergence requirement. Such selfstirring isn't expected to happen in the outer solar system, and we are purely interested in how an external source of orbital precession affects the instability and not interested in other dynamical effects of the giant planets on the instability (e.g. scattering, see Fleisig et al. 2020) .
Thus, the analysis here is not meant to perfectly replicate the solar system. Instead, it is designed to specifically study the affect of an external source of precession on the inclination instability. These results can then be applied to the solar system to determine if the giant planets induce enough differential apsidal precession in the orbits of the bodies beyond Neptune such that the inclination instability could not occur there.
We do not use the actual J 2 value of the giant planets because of the unrealistic mass and N used in our simulations. For a given set of simulations, we fix the number of particles, N and the mass of the disk, M d , and vary the J 2 value until we find the instability is suppressed. It requires numerous simulations to find this J 2 value. To extrapolate our results to the solar system, we determine how they scale with N , M d , and orbital configuration of the disk.
Initial Orbit configurations
In this paper we simulate two distinct systems, a compact configuration and a scattered disk configuration. The compact configuration is a thin, mono-energetic disk of orbits (nearly identical semi-major axes), and the scattered disk configuration models a population of bodies with equal perihelion and an order-of-magnitude range in semi-major axis.
In the compact configuration, the disk of orbits is initialized to have a semi-major axis a distribution drawn uniformly in [0.9, 1.1) sim. units, eccentricity e = 0.7, and inclination i = 10 −4 rad. The disk is initially axisymmetric (ω and Ω and mean anomaly, M, drawn from a uniform distribution in [0, 2π)). The total mass of the disk is 10 −3 M and the number of disk particles, N = 400. In our simulations, we exploit the scale-free nature of the Newtonian N -body problem. We use a = 1 as our unit simulation radius, converting to a ∼ 100 AU or a ∼ 250 AU when necessary by scaling the Keplerian orbital period.
In the scattered disk configuration, orbits are initialized with an order-of-magnitude range in semi-major axes and identical perihelion distances. Specifically, we draw the orbit's semi-major axis from an a −1 distribu- tion in the range [1, 10), define eccentricity e from the relation e = 1 − p /a for some chosen perihelion p, and draw inclination i from a Rayleigh distribution with µ i = 5 • . 1 The disk is initially axisymmetric with M drawn uniformly in the range [0, 2π).
We look at two different scattered disk configurations: 'sd100' and 'sd250'. The 'sd100' configuration represents a scattered disk with inner-most semi-major axis of 100 AU and a perihelion of 30 AU, while the 'sd250' configuration represents a scattered disk with the same perihelion but an inner-most semi-major axis of 250 AU. The only initial difference in the two simulations are the perihelions, which are p = 0.3 and p = 0.12 in simulation units respectively. We run these two simulations to explore the effect of distributing the peak of the mass density of the scattered disk in a different location. Apsidal precession due to the J 2 moment is a steep function of semi-major axis, a −7/2 ; perhaps the gravitational torques between orbits in a scattered disk with peak mass density at larger radius can better resist the differential precession from the giant planets?
1 The instability can occur in scattered disk simulations with initial inclinations drawn from Rayleigh distributions with means up to ∼ 15 • , but it's hard to measure the instability growth rate in these systems because the instability is linear for a short time.
J2 AND THE INCLINATION INSTABILITY
The inclination instability timescale, t e−fold , scales with the secular timescale,
where P is the orbital period. In addition to this, t e−fold depends on N and orbital configuration. We use the orbital angle coordinates defined in Madigan & Mc-Court (2016) to describe the instability and quantify its timescale. The angles represent rotations of the orbit about its semi-major (â) axis, semi-minor (b ≡ĵ ×â) axis and angular momentum vector (ĵ), respectively,
The subscripts x, y, and z denote an inertial Cartesian reference frame with unit vectors,x,ŷ, andẑ. These angular coordinates are useful for understanding the effect of torques on orbits. The inclination instability is characterized by exponential growth in median i a and i b with opposite sign (i.e. if i a increases to positive values, i b increases to negative values). A constant ratio i b /i a implies a constant angle of perihelion, as for small inclinations ω(i a , i b ) ∼ arctan |i b /i a | (+π if i a < 0). We use the exponential growth of median i b as a diagnostic for the instability and define the inverse of its growth rate, γ, as t e−fold . As orbits incline, their eccentricities decrease. This means that the magnitude of the angular momentum vectors of all orbits increase (semi-major axes remain constant apart from scatterings due to two-body relaxation). This may seem counter-intuitive at first, but the vector sum of all the angular momenta is conserved.
Compact Configuration
A sufficiently large J2 value suppresses the inclination instability. We call the threshold value above which the disk does not undergo the instability J 2,crit . In section 4 we discuss the numerical value of J 2,crit and its physical meaning. For J 2 < J 2,crit , we find two different regimes:
1. The 'instability-dominated region' defined by J 2 ≤ 0.1 J 2,crit . Here the system is unaffected by the additional J 2 . without J 2 with J 2 Figure 2 . Median inclination (deg) and eccentricity for two simulations, one with added J2 and one without J2. The "with J2" simulation has an added J2 in the transition region (J2 = 0.9 J2,crit). The left column shows the time evolution of the median orbital elements with their upper and lower quartiles. The right column is a histogram showing the distribution of the particle's orbital elements in the simulation at the end of the plotted time evolution (8000 orbital periods). The "with J2" simulation has a smaller growth rate than the "without J2" simulation, but it reaches a higher median inclination and lower median eccentricity post-instability.
2. The "transition region" defined by (0.1 − 1)J 2,crit .
Here the dynamics of the instability are altered by the presence of the J 2 , but the instability still occurs.
In Figure 1 , we plot the median inclination i and i b of a disk of particles in two simulations, one with J 2 = 0.9 J 2,crit and another with J 2 = 1.1 J 2,crit . This figure shows that the inclination instability is suppressed for J 2 > J 2,crit and that the transition around J 2,crit is rapid, with the inclination behavior of the disk changing dramatically for only slight changes (∼ 20%) in the value of added J 2 .
In Figure 2 , we show that the average post-instability orbital elements of the disk are different in the transition region (J 2 = 0.9 J 2,crit ). The orbits attain higher (lower) post-instability inclinations (eccentricities) on average than systems with no/low J 2 , despite the fact that the instability growth rate is reduced by the added J 2 . The right columns show histograms of the orbital elements In the region between 0.1 to 1.0 J2,crit the growth rate steadily drops until the instability disappears for J2 > J2,crit. Above this, the disk is stable and the growth rate becomes imaginary as signified by the change in marker.
at 8000 orbital periods. The histograms are limited in range for clarity; two out of eight hundred bodies have actually reached i 90 • .
In Figure 3 , we show that the growth rate of the instability decreases across the transition region. At ∼ 0.1 J 2,crit , the growth rate of the instability is identical to the instability with no J 2 moment, and at J 2,crit , the instability has a growth rate of zero. Above J 2,crit , we find that the median i b of the disk oscillates rather than grows exponentially; the growth rate is imaginary.
In Figure 4 , we show the effects of J 2 on the clustering of argument of perihelion, ω, using the Kuiper test, a variation of the Kolmogorov-Smirnov test that is applicable to circular quantities (Kuiper 1960) . We use the test to compare the simulation ω distribution to a uniform distribution for two different simulations, one with J 2 in the transition region and one with no added J 2 . We show the test statistic value for a p-value of 0.05. Larger test statistic values correspond a greater likelihood that the simulation ω distribution is not uniform. In both simulations, the test statistic is initially consistent with a uniform distribution. Within a single orbit, the system develops a bi-modal distribution in ω with peaks at 0 • and 180 • due to small oscillations in i a . Later, the test statistic increases to a large peak as the instability clusters the orbit's ω. Post-instability, the ω- clustering is not maintained, and differential precession washes out the clustering.
Surprisingly, the duration of ω-clustering isn't significantly changed in the transition region. The J 2 potential term causes prograde (ω > 0) precession, and the post-instability disk potential causes retrograde precession. One might expect that the two competing sources of precession would reduce the overall precession rate, and increase the duration of ω-clustering. However, this is not what we see. When J 2 is added to the system, the growth rate slows, and the rise time to peak clustering increases. The mean ω precession rate decreases, but the differential precession rate increases. Thus, the ω-clustering is washed out faster. Overall, the duration of clustering is relatively unchanged.
In summary, we find that the addition of a J 2 term to the Keplerian potential suppresses the inclination instability above a critical value, J 2,crit . As this critical value is approached from below, the post-instability orbital elements and growth rate of the instability are changed in a transition region, 0.1 J 2,crit to J 2,crit . Finally, we find that the duration of ω-clustering is unchanged in this transition region.
Scattered Disk Configuration
In previous publications, we've focused on the compact configuration for ease of analysis. However, we have explored the inclination instability in a range of different orbital initial conditions. Our findings can succinctly be summarized: compact systems with mean eccentricity 0.5 and/or mean inclinations 20 • are unstable, systems with an order of magnitude spread in semi-major axis with constant eccentricity are either stable or have very small growth rates, and systems with an order of magnitude spread in a, but de /da > 0, i.e. the scattered disk, are unstable.
In Figure 5 , we show the inclination instability in a system with scattered disk initial conditions ('sd100') and no J 2 moment. The disk undergoes the instability simultaneously at all radii, though the orbits at larger semi-major axis have a slightly smaller growth rate. In general, the lower the initial eccentricity (and semi-major axis) of the orbit, the larger the change in eccentricity during the instability and the larger the final perihelion distance. The final median inclination is similar for all semi-major axis bins (i ≈ 40 • ). Figure 6 shows the same information as Figure 5 , but for a simulation with added J 2 in the transition region (in this case J 2 ∼ 0.9 J 2,crit ). Again, the instability oc-curs simultaneously throughout the disk. The smallest semi-major axis bin is barely unstable, however, and has a lower post-instability inclination and a higher eccentricity. This is due to the significant differential apsis precession caused by the added J 2 . The larger semimajor axis bins have larger post-instability inclinations (i ≈ 60 • ), lower eccentricities (0.5 e 0.85), and larger perihelia (1.0 p 1.5) than they do in simulations without J 2 .
Overall, the addition of the J 2 moment to simulations has a similar effect on the scattered disk orbital configuration as it has on the compact configuration, i.e., increased (decreased) post-instability inclination (eccentricity) and reduced instability growth rate. One significant difference is the inner-most part of the disk barely undergoes the instability. Indeed, if we simulate the inner portion of the disk (a ∈ [1, 2]) without the outer portion it does not undergo the instability at all. The inner portion of the disk is being pulled along by the outer portion as the outer portion undergoes the instability. We can think of this as the disk having two components, a stable component and an unstable component. The inner-most part is stabilized by differential precession from the J 2 moment while the outer portion is still unstable (J 2 precession has a steep a −7/2 dependence). Below J 2,crit , the inner-most component is small enough that it can be coerced into instability by the outer-most portion. At the critical J 2 , the inner-most component of the disk is massive enough that the outer portion of the disk is held back from lifting out of the plane. The inclination instability is a global phenomenon, and we find that the disk as a whole is stabilized if ∼ 30% of the mass is in the stable component. The global nature of the instability has an interesting consequence on the perihelion distribution of the postinstability orbits. As we see in Figure 5 in which all the orbits are unstable, orbits of different semi-major axes end up with similar mean inclinations. Specific orbital angular momentum increases with semi-major axis across the scattered disk (∼ 10% change from 100 to 1000 AU). This means that as orbits incline, those at lower semi-major axis will gain a larger fractional increase in orbital angular momentum than those at higher semi-major axis. This results in orbits at lower semimajor axis decreasing their eccentricities and increasing their perihelia more so than those at higher semi-major axis. This naturally generates a perihelion gap at the inner edge of the disk that has undergone the instability.
In Figure 7 , we show a 2D histogram of time-averaged post-instability values of semi-major axis vs perihelion for the two simulations shown in Figures 5 and 6 (scattered disk configurations without J 2 and with J 2 ). We use a time-average to get sufficient numerical resolution to make this plot. Using the conversion a = 1 = 100 AU, we've added a red box to the figures to show the observed perihelion gap between VP 113 and Sedna and the rest of the minor bodies (see Figures 1 and 2 in Kavelaars et al. (2020) ). In the simulation with J 2 , the inclination instability empties the region corresponding the observed perihelion gap. The size of the region vacated by the inclination instability is related to the magnitude of J 2 , a larger J 2 vacates a larger region of a-p space.
SCALING TO THE SOLAR SYSTEM
Our goal in this section is to explain how J 2,crit depends on system parameters such as number of particles, N , mass of disk, M d , and initial orbital configuration, which allows us to then extrapolate our simulation results to the solar system. For this plot, we histogram the a and p of each particle in the simulation at all times post-instability. Areas of high density will have more observable bodies than areas of low density. Also drawn is a red box covering the observed "perihelion gap" in the solar system, using the conversion a = 1 = 100 AU. When J2 is added to the simulations in the transition region, the region of a-p space corresponding to the observed perihelion gap in the solar system is vacated by the inclination instability. The size of the gap changes with the added J2; larger J2 values produce a larger gap.
The instability mechanism relies on a secular average where the individual bodies can be approximated as rings in the shape of the body's osculating Keplerian orbit with a linear mass density inversely proportional to the velocity of the body at that point on its orbit. The validity of this average depends on how quickly the body's osculating Keplerian orbital elements change. The slower the osculating orbit changes, the better the approximation works, and the stronger the instability is. However, if the osculating orbit changes rapidly, the approximation fails, and the mutual secular torques responsible for the instability weaken to the point that the instability can no longer occur. In particular, rapid differential apsidal precession can cause this approximation to fail. Further, because the instability relies on mutual secular torques, it is mutual apsidal precession that is responsible for the weakening of the secular torques. Thus, the magnitude of the differential apsidal precession within the disk determines the suppression of the instability not the absolute magnitude of the apsidal precession.
As we will show, the addition of the quadrupole term to the potential increases differential apsidal precession within the disk. However, the disk itself also causes apsidal precession in its constituent orbits, and this source of apsidal precession must be considered in combination with the precession from the added J 2 .
In isolation, the addition of the quadrupole term causes secular changes in the ω and Ω of the orbits in the disk. Assuming the added quadrupole term is a small perturbation on the 1 /r potential of the central body, the evolution of the osculating Keplerian elements of orbits in the potential can be determined with the disturbing function formalism and the Lagrange planetary equations,ω
where n is the mean motion of the body, n 2 a 3 = µ = GM (for completeness we include the derivation in appendix A). The disk orbits are initialized at low inclination.
= ω + Ω gives the apsidal angle of the orbit anḋ the apsidal precession rate. Therefore, the apsidal precession rate from the added J 2 is,
For i 46 • , which holds for our initial disk configurations, apsis precession due to J 2 is prograde (with respect to orbital motion). Our simulation units give G = M = R = 1. Thus, the apsidal precession becomes, J2 = 270 J 2 a − 7 /2 5 cos 2 i − 2 cos i − 1 (1 − e 2 ) 2 (7) Med[ ] (deg/P) J 2 prec. disk prec. J 2 + disk no J 2 crit. J 2 Figure 8 . Median apsidal precession rate as a function of median semi-major axis (calculated from the first 1000 orbits) of a simulation with a compact configuration. Orange triangles show apsidal precession rates from a simulation with J2 ≈ J2,crit, and blue dots show one without J2. The lines on the plot show models for the different precession sources. The dotted line shows the J2 contribution tȯ , the dashed shows the disk contribution, and the solid line shows the sum of the dashed and dotted lines. The differential precession rate (slope of solid line) is enhanced by the presence of the added J2 although the average precession rate is reduced. with˙ J2 given in degrees per orbit at a = 1. For the compact configuration, i ≈ 0 • and e ≈ 0.7 yielding,
where a and J 2 are given in simulation units and˙ J2 in deg per orbit. This J 2 contribution to apsidal precession is shown as a dotted line in Figure 8 . For reference, J 2,crit ∼ 3 × 10 −5 for this simulation. The disk potential induces retrograde precession (see appendix B for differences between the orbital configurations) whereas added J 2 potential induces prograde precession. One might therefore assume that, in combination, the differential precession rate will be reduced, and the time scale over which secular torques act lengthened by the addition of the quadrupole potential. This is partly correct. The two precession sources do compete and the absolute precession rate is reduced. However, secular torques are not always strengthened by the added J 2 potential. In the compact configuration, |˙ J2 | decreases with semi-major axis and the precession rate due to the disk, |˙ d |, increases with semi-major axis. The result, as shown in Figure 8 with a solid line, is an amplified differential precession rate (slope). Thus, in this orbital configuration, the added J 2 weakens the gravitational torques between orbits which hinders the crit Figure 9 .
Ratio of e-folding to differential apsidal precession timescale at the critical J2 where the instability is suppressed for different simulation initial conditions, rcrit. t e−fold is measured when J2 = 0 and t diff is measured when J2 ≈ J2,crit. The timescales are roughly equal (rcrit ∼ 1) at the transition from instability to stability. The scattered disk simulations have a larger rcrit indicating that these orbital configurations can resist more differential precession relative to their instability growth rate than the compact configuration.
growth of the instability. On the other hand, in the scattered disk configurations |˙ d | decreases with semimajor axis. Therefore the scattered disk configuration does a better job at resisting the added J 2 . For example, with N = 400 and M d = 10 −3 M , the scattered disk configuration has J 2,crit = (3.25 ± 0.25) × 10 −5 while the compact configuration has J 2,crit = (2.58 ± 0.08) × 10 −5 . Despite having a much lower mass density (and growth rate), the scattered disk configuration handles the added J 2 better than the compact configuration.
The point where the instability is suppressed depends on the relative strength of the differential apsidal precession and secular torques between orbits. We expect the transition from instability to stability in the disk to occur when the strengths of these two dynamical processes are comparable. The timescale for the instability is defined as the inverse of the exponential growth rate, t e−fold = γ −1 , which we obtain from simulations by fitting the exponential growth of the median i b of the disk orbits (Madigan & McCourt 2016; Madigan et al. 2018 ).
Here we define the differential precession timescale as,
where˙ diff is the total apsidal differential precession rate of the disk. We calculate˙ diff from our simulations by calculating the difference in precession rate between the fastest precessing quartile of the disk and the slowest precessing quartile,˙ diff =˙ uqrt −˙ lqrt . The choice to look at quartiles comes from our observation that if about ∼ 30% of the orbits in the disk can't undergo the instability for any reason, the whole disk will fail to undergo the instability. We define the ratio of these two timescales as
The instability should occur for r 1 and should be suppressed for r 1. Hence, J 2,crit should correspond to r ≈ 1. With numerous runs, we locate the critical J 2 in simulations with different N , M d , and orbital configurations and calculate r(J 2,crit ) = r crit .
We find that r crit is roughly constant with N provided that N > 100. For low N , self-stirring within the disk causes large a spread in semi-major axes and eccentricity which artificially amplifies differential precession. We find that r crit at N = 400 and N = 800 are consistent with each other within their errors. Thus we expect lim N →∞ r crit (N ) to be consistent with r crit (400). In addition, we find that r crit is constant with mass of the disk. Therefore, the r crit measured at N = 400, M d = 10 −3 M in the scattered disk simulations should be consistent with r crit as N → ∞ for all M d .
We find that r crit does change with the orbital configuration. This is shown in Figure 9 . The 'compact' configuration refers to the fiducial configuration while 'sd100' and 'sd250' refers to the scattered disk orbital configurations discussed in section 3.2. For each configuration, N = 400 and M d = 10 −3 M . From this figure, we see that r crit ≈ 1 as expected. Large r crit values mean that in one e-folding time the disk orbits have differentially precessed by more than a radian with respect to one another, meaning that this configuration is more resistant than expected to added J 2 . Small values of r crit mean that the system is less resistant, the disk orbits having precessed less than a radian in one e-folding time. Notably, the compact configuration is worse at resisting added J 2 (r crit ∼ 0.3) than the scattered disk configurations (r crit ∼ 1).
To scale our results to the solar system, we find the timescale ratio r = t e−fold/t diff in the solar system for different disk masses, and compare it to the r crit calculated for 'sd100' and 'sd250' (i.e. the points shown in Figure 9 ). The e-folding timescale for the instability in large N , low M d , compact systems is calculated in Madigan et al. (2018) ,
where we have included a scaling factor, χ, to extrapolate this result to the scattered disk configurations. From simulations, we find that is χ ∼ 12 for the 100 AU scattered disk and χ ∼ 11 for the 250 AU scattered disk. That is, the e-folding timescale increases by O(10) accounting for the drop in mass density as particles are spread across a broad range of semi-major axes. We calculate the differential precession timescale directly from simulations of scattered disk configurations at the correct disk masses, M d = 1, 2, 5, 10, 20, 50 M ⊕ . We include the J 2 value for the giant planets in the solar system using the appropriate semi-major axis conversion: a = 1 = 100 AU for 'sd100' (J 2 = 5.7 × 10 −6 ), and a = 1 = 250 AU (J 2 = 9.1 × 10 −7 ) for 'sd250'. Our simulation particles are fully interacting so the contribution to the precession rate from the disk potential is accounted for. These simulations are integrated for 1000 orbits, far too short to see the instability, but more than enough time to calculate the differential precession rate. This rate is then used to calculate t diff which in combination with the t e−fold above gives us the timescale ratio for the solar system.
We present our results in Figure 10 . We find that for both scattered disk configurations, r ≈ r crit at M d ≈ 20 M ⊕ . Thus, the disk mass required for the inclination instability to occur in a primordial scattered disk in the solar system under the gravitational influence of the giant planets is O(20 M ⊕ ). For smaller disk masses, the differential precession due to giant planets suppresses the instability. Our previous estimate for the total mass required in the outer solar system with a > 100 AU for the instability to occur was about an Earth mass. This new estimate is O(10) times greater than our previous estimate demonstrating the importance of differential apsidal precession in this global instability. Sources of error in this estimate include the unknown mass and inclination distribution as a function of radius in the primordial scattered disk. We have taken reasonable best estimates and a full exploration of parameter space is beyond the scope of the paper.
The orbital evolution of a ∼ 20 M ⊕ mass primordial scattered disk in the solar system is modelled by our 'sd100' simulations in the transition region. sd250 Figure 10 . Ratio of e-folding to differential apsidal precession timescale, r = t e−fold /t diff , in the solar system as a function of disk mass M d for two different versions of a scattered disk. The horizontal lines mark the critical timescale ratio and its error for the indicated orbital configuration as calculated from simulations (see Figure 9 ). Where r rcrit the instability will occur. This corresponds to ∼ 20 earth masses between 100-1000 AU.
tremely detached from the inner solar system with perihelia of ≈ 100 − 150 AU. The a ∈ [200, 400] range actually have the largest perhelia values. Bodies with a 200 AU will have inclinations of i ≈ 30 • while bodies with a 200 AU will have inclinations twice as large, about 60 • . This latter population will be very difficult to detect due to their extreme detachment.
SUMMARY AND CONCLUSIONS
In this paper, we continue our exploration on the collective gravity of high eccentricity orbits in a near-Keplerian disk. We simulate the "inclination instability", a dynamical instability akin to buckling in barred disk galaxies which comes about from orbit-averaged torques between the individually low mass, but collectively massive, population. The disk orbits incline exponentially off the mid-plane, drop in eccentricity and tilt over their axes in a coherent way which leads to clustering in arguments of perihelion ω. Starting from an unrealistic (but tractable) compact configuration of orbits, we build up to simulating a massive primordial scattered disk in the outer solar system. We include the orbit-averaged gravitational influence of the giant planets using a quadrupole J 2 moment of the central body. This causes the scattered disk orbits to differentially precess with respect to one another, weakening the strength of inter-orbit torques. We summarize our findings as follows:
1. The e-folding timescale of the instability increases by O(10) when we simulate orbits in a scattered disk rather than in a compact configuration (Equation 11). This is due to the drop in mass density as particles are spread across an order-of-magnitude range of semi-major axes.
2. We identify a critical J 2 moment in each simulation configuration, J 2,crit , beyond which the instability is suppressed. The growth rate of the instability decreases (by a factor of a few) with added J 2 moment across a transition region (0.1 − 1) J 2,crit , becomes zero at J 2,crit , and is imaginary above J 2,crit (Figure 3 ).
3. The median post-instability inclination/eccentricity increases/decreases with the addition of J 2 < J 2,crit (Figure 2) . The time over which ωclustering is maintained is relatively unchanged (Figure 4) . 4. Physically, J 2 = J 2,crit in a given simulation is reached when orbits in the disk precess ≈ 1 radian apart from each other within an e-folding time (Figure 9 ). Above this value, orbits differentially precess too rapidly for long-term coherent torques to sustain the instability.
5. The instability is a global phenomenon. If enough mass (and angular momentum) remains pinned to the mid-plane of the disk, the remainder of the disk is preventing from lifting off.
6. The mass required for the inclination instability to occur in a primordial scattered disk be-tween 100 ∼ 1000 AU in the solar system under the gravitational influence of the giant planets is O(20 M ⊕ ). We look at two different scattered disk configurations to explore the effect of distributing the peak of the mass density in a different location. Figure 10 shows they yield the same result. 7. Unstable orbits at different semi-major axes end up with similar mean inclinations post-instability ( Figures 5 and 6 ). Hence, those at lower semimajor axis gain a larger fractional increase in orbital angular momentum than those at higher semi-major axis. These orbits decrease their eccentricities and increase their perihelia more so than those at higher semi-major axis. This naturally generates a perihelion gap at the innermost radius of the disk that has undergone the instability. Converting to solar system units using a = 1 = 100 AU, this leads to an underdensity of orbits at perihelia of ≈ 50 AU at semimajor axes of ≈ 200 − 600 AU. In Figure 7 , we show the time-averaged surface density of perihelion p vs semi-major axis a (for all times postinstability). We need to time-average the simulation to get sufficient resolution to make this plot. This means we cannot attempt to precisely match the observed perihelion gap in the solar system (Trujillo & Sheppard 2014; Bannister et al. 2018; Kavelaars et al. 2020) . The parameters of the region depleted by the instability are related to the magnitude of J 2 ; a larger J 2 depletes a larger region of a-p space.
8. Orbits with semi-major axes ≈ 200−1000 AU will, on average, obtain extremely large perihelion distances (p 100 AU) and inclinations (i ∼ 60 • ). Figure 2 shows however that there is a broad range of final inclination and eccentricity values. It is possible to produce high inclination, high eccentricity eTNOs such as 2015 BP519 (Becker et al. 2018 ). Now we come to the question, just how unreasonable is it to expect the primordial scattered disk to contain O(20 M ⊕ )? Current theories of planet formation suggest that the giant planets migrated significantly in a massive planetesimal disk. Scattering planetesimals fled to more stable regions of the solar system including into the various populations we observe today (hot classical resonant Kuiper belt, the scattered disk, the Trojans, irregular satellites, etc. see Nesvorný (2018) for a recent review). Comets in the Oort Cloud were scattered outward, until the gravitational influence of the Galaxy could torque their orbits and detach them from the inner solar system (for review see Dones et al. 2015) . On their way out, they would have passed through the region of space that we are most interested in, ≈ 100 − 1000 AU. If enough mass existed on scattered, high eccentricity orbits in this region at any given time, the orbits would collectively have gone unstable.
The Nice Model of giant planet migration supposes some 30−50 earth masses of planetesimals existing from the orbit of the outermost giant planet to ∼ 35 AU Tsiganis et al. 2005; Morbidelli et al. 2005) . Nesvorný & Vokrouhlický (2016) show that 1000-4000 Pluto mass bodies are needed in a primordial outer planetesimal disk to match the observed current population of Neptune's resonant bodies. Their estimate is obtained by modelling Neptune's migration through this disk. The authors find that a primordial disk of ∼ 20 Earth masses is consistent with the observed resonant populations (see also Nesvorný & Morbidelli 2012) .
More recently, Shannon & Dawson (2018) estimate the mass of the primordial scattered disk using the survival of ultra-wide binaries in the Cold Classical Kuiper belt. At a 95% upper limit they find the disk could have contained 9 Earths, 40 Mars, 280 Lunas, and 2600 Plutos (at the 68% upper limit the numbers are 3, 16, 100, 1000). The combined mass of just these bodies is ∼23 Earth masses (∼8 Earth masses at 68%). The total mass of the disk would be significantly more than this.
If at any point 20 Earth masses of material scattered onto high eccentricity orbits between ≈ 100 − 1000 AU, it would have undergone the inclination instability. Now we turn to the question of how much of this mass would remain today. The total mass remaining in this region depends critically on the outgoing flux from this population, or how many bodies have been lost over the age of the solar system. Post-instability, the population is relatively isolated as the orbits drop in eccentricity at the same time they incline off the ecliptic. This raises their perihelia and lowers their aphelia, reducing the influence of the inner solar system planets on one side, and galactic tides and passing stars on the other. The population fossilizes at high inclinations and extraordinary values of perihelion distances. The outgoing flux should therefore depend on secular gravitational interactions between the orbits themselves rather than outside influences. These secular torques in turn depend on the distribution of the eTNOs today, particularly on whether or not they align in physical space (Sefilian & Touma 2019; Zderic et al. 2020) . The secular gravitational torques will cause longterm angular momentum changes transferring some bodies from the large detached population into and around the current-day scattered disk. Hills (1981) provides an early estimate for the current amount of mass in the region spanning the orbit of Neptune to 10 4 AU. Using a variety of heuristic arguments involving the Oort cloud, Hills suggests there could be anywhere from a few to a few thousand Earth masses of material (an average yields tens of Earth masses). Hogg et al. (1991) derives a current estimate by considering the dynamical influence of a massive ecliptic disk with a 30 AU on the ephemerides of the giant planets and Halley's comet. They find that there could be hundreds of Earth masses of material in the disk based on the giant planets ephemerides or a few Earth masses of material based on the ephemerides of Halley's comet. Hogg's latter limit is the more constraining estimate, suggesting that the primordial scattered disk population, if it exists, must be whittled down to a few Earth masses. It's worth noting however that they assume a flat disk with the potential modelled as an outer quadrupole moment. Gladman et al. (2009) report the discovery of a TNO on a retrograde orbit and find the object is unlikely to be primordial. They suggest a supply mechanism from a long-lived source, for example a population of largeinclination orbits beyond Neptune. This could also be a source for Halley-type comets (Levison et al. 2006 ). The inclination instability in a primordial scattered disk produces such a reservoir. As posited in Madigan & McCourt (2016) , there may be a massive (1 -10 M ⊕ ) reservoir of icy bodies at large orbital inclinations beyond the Kuiper Belt. The Vera C. Rubin Observatory (Ivezić et al. 2019) will be instrumental in the discovery and orbital classification of this population should it exist.
Finally, the results we present here focus on the instability during or soon after its linear phase. However, a 20 Earth mass primordial scattered disk has a saturation timescale 660 Myr. If the outer solar system did undergo this instability, it must be in the non-linear, saturated state. The long-term behavior of the instability is therefore crucial to understand in order to compare with current-day observations. 
we consider Φ = Φ Kep + R where R is some perturbation on the otherwise Keplerian potential. In orbital perturbation theory, R is called the disturbing function. This becomes,
where µ = GM . For our two term multipole expansion (equation 1), R equals the quadrupole term in the potential,
Lagrange's planetary equations give us the time evolution of the osculating Keplerian orbital elements in terms of partial derivatives of the disturbing function. The equations forω andΩ are,
Our next steps are to find R in terms of the Keplerian orbital elements, average R over an orbit and plug it into the Lagrange planetary equations forω andΩ to find the secular precession rate. We begin by noting that,
where z is the standard Cartesian coordinate and f is the true anomaly. Using the expression for the Legendre polynomial, P 2 (x) = 1 /2(3x 2 − 1), and a trig. identity, R becomes,
We know r as,
Now that we have R in terms of the Keplerian elements we average over the orbital period,
This can be converted to an integral over f by considering that equal areas are swept out in equal time in a Keplerian orbit,
Making this change of variables and using the expression for r,
Next, we insert our expression for R,
Though busy, this integral is straight-forward,
Now that we have the orbit-averaged disturbing function, can use the Lagrange planetary equations to find the secular evolution of ω and Ω. Plugging in R and simplifying, we get, ω = 3J 2 4 n R 2 a 2 5 cos 2 i − 1
(1 − e 2 ) 2 , and,Ω = 3J 2 2 n R 2 a 2 cos i
which can be combined to give˙ . Figure 11 . Median apsidal precession rate for bodies in a compact configuration (top row) and scattered disk (bottom row) simulation. The apsidal precession rate is always retrograde in the disk and is not a strong function of inclination i. (Top Row) Semi-major axis a is the primary source of differential precession. Although the a dependence seems linear, the range is so narrow that the plot reflects a Taylor expansion of the true dependence at a = 1. Note that the apsidal precession dependence on a changes for a 1.1 from linearly decreasing to increasing. (Bottom Row) The apsidal precession rate is again retrograde and a strong function of semi-major axis. There are two distinct regimes. With a in [1, 2] , the retrograde apsidal precession rate increases in magnitude with a then in [2, 10] decreases towards zero. In the range [2, 10], the apsidal precession rate is a linear in e which corresponds to an inverse dependence on a at constant pericenter, p (e ∼ p /a).
B. PRECESSION DUE TO THE DISK MASS
Here we describe apsidal precession of orbits due to the potentials of the pre-instability (relatively flat) disks presented in this paper. First, we look at numerical results from simulations showing how the rate of change of longitude of perihelion,˙ , varies with semi-major axis, eccentricity, and inclination for the compact and scattered disk (sd100) configurations (Figure 11 ), and how it scales with mass of the disk (Figure 12 ). Second, we compare the potential of the disk in the compact configuration to an analytic expression derived in Kondratyev (2014) . This is shown in Figure 13 . We discuss how this potential can be used to explain some features of the compact and scattered disk apsidal precession profiles.
In Figure 11 , we show median apsidal precession rate vs. median semi-major axis, eccentricity, and inclination for both the compact and 'sd100' orbital configurations with the same disk mass, M d = 10 −3 M , and number of particles N = 400. The magnitude of the median precession rate in the compact configuration is approximately 10 times higher than the median precession rate in the scattered disk configuration, reflecting the lower mass density in the latter. In both cases, apsidal precession is retrograde and inclination i has minimal effect on˙ d . In the compact configuration, the magnitude of the precession rate increases with semi-major axis. This relationship is roughly linear. 
Kondratyev (2014) compact simulation Figure 13 . Disk potential in the xy-plane as a function of cylindrical radius R normalized to the value of the disk potential at R = 0. The potential for a disk of eccentric orbits derived in Kondratyev (2014) is shown with a = 1 and e = 0.7 along with the potential of a simulated disk initialized in the compact configuration at t = 100 P. The disk potential calculated from the simulation is 'softened' in the sense that each orbit in the disk has been sampled at 40 evenly-spaced mean anomaly points. The general form of the potential is the same for both with the simulation potential lacking the cusp at R = 0.3 and R = 1.7 of the Kondratyev potential due to the small spread in a and e that the disk has naturally developed from two-body scattering.
In the scattered disk configuration, the magnitude of the precession rate increases from a ∼ 1 to a ∼ 2 after which it decreases out to a ∼ 10. The sum of˙ d for the scattered disk and˙ J2 results in a flattened precession profile (at least for a > 2), while the sum of˙ d for the compact configuration and˙ J2 results in a steeper profile. Figure 12 shows the disk-only precession rate of orbits in the compact configuration pre-instability with slightly higher N (500 vs. 400 for Figure 11 ). In the left panel, we see the secular scaling of the precession rate (˙ d ∝ M d ). In the right panel, we see the linear dependence of˙ on a. This dependence is clearer here due to the increased N .
In the compact orbital configuration, the potential of the disk is well approximated by an expression derived in Kondratyev (2014) . Kondratyev found the potential of an infinitely-populated axisymmetric disk of orbits with zero inclination and equal semi-major axis and eccentricity, a d and e d . This solid washer mass distribution is characterized by the inner and outer radii, R 1 = a d (1 − e d ) and R 2 = a d (1 + e d ). The radial mass density of the washer is the inverse of the radial Kepler velocity. The resulting potential in the plane of the washer is piece-wise, and expressed as integrals over the mass distribution,
where K is the complete elliptic integral of the first kind, φ 0 = − GM d/a d is the potential at the origin, and σ(x) = ((R 2 − x)(x − R 1 )) − 1 /2 . This potential is shown in Figure 13 along with the potential of a compact configuration disk with N = 400 at t = 100 P. Each orbit was sampled at 40 equally-spaced mean anomalies and the potential was averaged along 10 different azimuthal lines in the xy-plane. Note that we expect the simulation potential to differ from the Kondratyev expression because of the (small) initial spread in a, e, and i. Despite the differences, the two potentials share the same bulk characteristics.
A formal expression for the precession rate of the orbits in the disk can be found using a Hamiltonian approach. Restricting ourselves to the xy-plane, the modified Delaunay coordinates in 2D are (Morbidelli 2002) ,
We can then use Hamilton's equation's to get the time evolution of the apsidal angle (see Merritt (2013) for a similar derivation),˙ = ∂H ∂K ,
where H is the Hamiltonian of the system,
where H kep H d . The Keplerian Hamiltonian is
and we average the disk potential over a Keplerian orbit, such that,
where the over-line denotes an average over the unperturbed orbit and Φ disk is the potential of disk. Thus, the apsidal precession rate in the disk is given by,˙
